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Abstract
In this work we show the necessary and sufficient conditions for the existence of an eigenvalue of a special Sturm–Liouville
operator on a semi-axis with a parameter in a coefficient. The operator corresponds to an equation of elasticity. The conditions are
formulated in terms of shear wave velocities.
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1. Introduction
Classical surface waves were described in two fundamental works by Lord Rayleigh and A. Love. The classical
Love works [1] have shown the appearance of surface waves in a homogeneous half-space together with an overlying
layer to be consistent with the velocity of shear waves in the layer which is part of a half-space being less than in
the other part of the half-space and constant. At present, Love waves are generally investigated in media with similar
structure.
The problem of the formation of Love waves is reduced to (see [2]) studying the conditions at μ(z), ρ(z), at which
the spectral problem
− d
dz
(
μ
dU˜
dz
)
+ ξ2μU˜ = ω2ρU˜ (1)
μ
dU˜
dz
∣∣∣∣∣
z=0
= 0, (2)
U˜(z) → 0 for z → ∞ (3)
has eigenvalues ξ2(ω) > 0. The conditions at which there exist pairs of numbers (ξ2, ω2) will result in problem
(1)–(3) having a nontrivial solution.
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We assume for the Lame coefficient μ(z) and density ρ(z): there will exist a number Z¯ such that μ(z) ≡ μ(∞)
and ρ(z) ≡ ρ(∞) at z ≥ Z¯ . Also μ(z) has a continuous second derivative for all z ≥ 0.
Love waves can be formed in the medium if there exists ω¯ > 0 such that for any ω > ω¯ problem (1), (2) has the
eigenvalue ξ2(ω). The classical result is: if the velocity of the shear waves Vs(z) ≡
√
μ(z)
ρ(z) for z < Z¯ is smaller than
the velocity Vs(∞) =
√
μ(∞)
ρ(∞) (in other words, Vs(∞) > Vs(z) for z < Z¯ ), then Love waves will be formed in the
medium. Our aim is to show that Love waves can also be formed in the medium for less rigid restrictions on Vs(z).
2. Technical lemmas
We make a substitution in problem (1)–(3):
U(z) = √μ(z) U˜(z).
Then problem (1)–(3) will be transformed to the following problem:
−U ′′ +
(
(
√
μ)′′√
μ
− ω
2
V 2s (z)
)
U = −ξ2U ; (4)
(U ′ − hU)∣∣z=0 = 0 (5)
U |z→∞ = 0 (6)
where h = (
√
μ(z))
′′
2
√
μ(z)
∣∣∣∣
z=0
.
Let us add the quantity ω2V 2s (∞)U to the left- and right-hand sides of Eq. (4). Then Eq. (4) can be written in the
following form:
−U ′′ + q(z, ω)U = νU ; (7)
Here
q(z, ω) ≡ (
√
μ)′′√
μ
+ ω2
(
1
V 2s (∞)
− 1
V 2s (z)
)
ν = ω
2
V 2s (∞)
− ξ2.
It should be noted that q(z, ω) ≡ 0 at z ≥ Z¯ .
It is well known [3] that the spectral problem (7), (5) and (6) has a continuous component of the spectrum for ν > 0
and, probably, a finite number of negative eigenvalues νi < 0.
The question of the existence of Love waves can be formulated in terms of the function q(z, ω) and number h in
the following way: does there exist a number ω¯ > 0 such that for all ω > ω¯ problem (7), (5) and (6) has a negative
eigenvalue ν0(ω)? It should be noted that ξ20 = ω
2
V 2s (∞) − ν0(ω) > 0. When investigating this question in terms of the
function q(z, ω) and obtaining estimates for the number ω¯, we need:
Lemma 1. The problem (7), (5) and (6) has eigenvalues if the problem
−U ′′ + q˜(z, ω)U = νU ; (8)
(U ′ − hU)|z=0 = 0; (9)
U ′|z=Z¯ = 0 (10)
has at least one negative eigenvalue, where z ∈ [0, Z¯], and q˜(z, ω) is the restriction q(z, ω) on the interval [0, Z¯ ].
Proof. Let problem (7), (5) and (6) have a negative eigenvalue ν0. Then the corresponding eigenfunction U0(z) at
z ≥ Z¯ is determined in only one possible way up to a constant c U0(z) = ce−
√−ν0z
. Therefore, instead of problem
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Fig. 1.
Fig. 2.
(7), (5) and (6) with the regularity condition at infinity, one can consider the corresponding problem on the interval
[0, Z¯ ] with the boundary condition (U ′ + √−νU)|z=Z = 0; that depends on the spectral parameter ν.
Let us consider a family of auxiliary spectral problems that depend on the real parameter l:
−U ′′ + q(z, ω)U = νU (11)
(U ′ − hU)|z=0 = 0; (U ′ + lU)|z=Z¯ = 0. (12)
Let ν0(l) < ν1(l) < ν2(l) be the eigenvalues of this problem. It is well known (see, for instance, [3]), that the
eigenvalues of problem (11) and (12) are differentiable functions of the parameter l and the derivatives dνidl =
U2i (Z¯ , l), where Ui (z, l) is the eigenfunction of problem (11) and (12) that corresponds to the eigenvalue νi (l) and∫ z
0 U
2
i (z, l)dz = 1. It is also well known that ν0(∞) ≤ ν0(l) ≤ ν1(∞) ≤ ν1(l) . . ..
Let ν∗0 < 0 be the negative eigenvalue of problem (7), (5) and (6). Then it can be found as ν∗0 = ν0(l∗) < 0, where
l∗ is a solution, in general non-unique, to the following functional equation:
ν0(l) = l|l|.
Since ν0(l) monotonically increases, bounded by constants, and is continuous, the functional equation has a solution
in the case where the first eigenvalue of the problem (8)–(10) ν0(0) < 0. See Fig. 1.
The lemma is therefore proved. 
Remark 1. Lemma 1 is purely technical. All subsequent results can be obtained from direct examination of problem
(7), (5) and (6). It is, however, easier to investigate problem (8)–(10).
Remark 2. The number of eigenvalues of problem (7), (5) and (6), in the general case, is not equivalent to the number
of negative eigenvalues of problem (6)–(9). Fig. 2.
Lemma 2. Let there exist a function
U¯ ∈M ≡
{
U |U ∈ W 22 (0, Z¯), ‖U‖L2 = 1, (U ′ − hU)|z=0 = U ′|z=Z¯ = 0
}
∫ Z
0
(
1
V 2s (∞)
− 1
V 2s (z)
)
U¯2(z)dz = M < 0.
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Then there will exist a number ω¯ > 0 such that for all ω ≥ ω problem (7), (5) and (6) has the eigenvalue
ξ20 (ω).
Proof. It follows from the variational principle for eigenvalues that the minimal eigenvalue of problem (8)–(10) is the
minimum of the functional
ν0 = min
U∈M
[
hU2(0) +
∫ Z¯
0
U ′2(z)dz +
∫ Z¯
0
(√
μ
)′′
√
μ
U2dz + ω2
∫ Z¯
0
(
1
V 2s (∞)
− 1
V 2s (z)
)
U2dz
]
.
Then ν0 is not greater than the value of this functional at U¯ .
Let
A =
∫ Z¯
0
U¯ ′2(z)dz; B =
∫ Z¯
0
(
√
μ)′′√
μ
U¯2dz; C = hU¯2(0). (13)
Then, choosing ω ≥ ω¯ =
√
A+B+C
M , we obtain ν0(ω) < 0 and, hence, ξ
2
0 (ω) is an eigenvalue of (7), (5) and (6). 
Lemma 3. Let there exist a point z∗ such that Vs(z∗) < Vs(∞). Then there will also exist a function U¯ ∈ M such
that ∫ z
0
(
1
V 2s (∞)
− 1
V 2s (z)
)
U¯2(z)dz = M < 0. (14)
Proof. It follows from the restrictions imposed on the functions μ and ρ that Vs(z) is a continuous function. If
Z¯ > Z∗ ≥ 0 is, then Vs(z∗) < Vs(∞); this inequality is valid also for some neighborhood of the point z∗.
Let us construct a function W (z) ∈ M in the form of a “cap”, which is nonzero in this neighborhood and exactly
equal to zero outside it. Then the function W (z) will evidently satisfy all requirements of the lemma, and the integral
will be evidently less than 0. 
3. Main result and proof
Theorem 4. Let μ ∈ c2(0,∞), μ(z) > 0, ρ(z) > 0 and μ(z) ≡ μ(∞), ρ(z) ≡ ρ(∞) at z ≥ Z¯ . Then, for Love
waves to exist, it is necessary and sufficient that there will exist z∗ > 0 satisfying Vs(z∗) < Vs(∞).
Proof. Sufficiency follows from Lemmas 2 and 3.
Necessity. Let us assume the opposite: let Vs(z) ≥ Vs(∞). Then, for any function U ∈ W 12 (0,∞),∫ ∞
0
(
1
V 2s (∞)
− 1
V 2s (z)
)
U2(z)dz =
∫ Z¯
0
(
1
V 2s (∞)
− 1
V 2s (z)
)
U2(z)dz ≥ 0. (15)
Therefore, for the proof it is sufficient to show that the quadratic form
(LU, U) ≡ hU2(0) +
∫ ∞
0
U ′2dz +
∫ ∞
0
(
√
μ)′′√
μ
U2dz
is nonnegative for all test functions that satisfy the conditions
U ∈ W 12 (0,∞); U ′ − hU |z=0;
That is, that the corresponding spectral problem
−U ′′ + (
√
μ)′′√
μ
U = νU ; (U ′ − hU)|z=0 = 0; (16)
has no negative eigenvalues. Let us make an inverse substitution: U = √μ(z)U˜ .
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Then, we obtain the following spectral problem for the function U˜ (z):
− d
dz
(
μ
dU˜
dz
)
= νμU˜ ;
U˜(0) = 0.
(17)
Let us multiply the differential expression for U(z) by U˜(z) and integrate with respect to z from z = 0 to z = ∞.
Owing to the boundary conditions, after integration by parts we obtain∫ ∞
0
μU˜ ′2dz = ν
∫ ∞
0
μU˜2dz. (18)
Finally, and since μ(z) > 0, it follows that ν > 0.
The theorem is proved. 
4. Additional parameter estimations
Thus, we have obtained criteria of existence of Love waves. Another important question is that of the estimation
of the quantity ω¯, i.e., the frequency at which the appearance of Love waves will begin. Let z∗ and ε > 0 be such that
Vs(z) < Vs(∞) at z ∈ [z∗ − ε, z∗ + ε] and m = minz∈[z∗−ε, z∗+ε](|Vs(∞) − Vs(z)|). Then, in accordance with the
theorem, one can obtain an asymptotic estimate of the quantity ω¯ ≤ C
ε
√
m
, where C is a constant.
5. Generalizations and conclusions
In summary, let us formulate some generalizations, which can be made on the basis of the method proposed.
1. In this work, we have investigated the problem of finding the eigenvalue ξ2(ω), that is, we sought for a
wavenumber at a fixed frequency. The same method is used for the case of finding the eigenvalue ω2(ξ). In this
case, the criterion is the same, but there is some difference in estimates for ξ¯ .
2. The assumption that the medium’s parameters at z > Z¯ are constant is not essential. As noted above, the use of
Lemma 1 is not crucial, and similar results can be obtained as μ(z) → μ(∞), ρ(z) → ρ(∞), z → ∞.
3. The most essential restriction imposed on the coefficients is that of extreme (from the point of view of
geophysical problems) smoothness. It is necessary because of using the classical theory of Sturm–Liouville problems.
However, since the main consideration was in variational form, generalizations to the case of piecewise smooth or
even piecewise continuous coefficients are allowed.
4. In this work, the question of existence of at least one surface wave (but not the question of the number of
harmonics in Love waves) is studied. The number can be investigated in some cases with the help of Morse theory.
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